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Abstract 

In this paper we describe the complement of real line arrangements in the complex 
plane in terms of the boundary three-manifold of the line arrangement. We show that 
the boundary manifold of any line arrangement is a graph manifold with Seifert fibered 
vertex manifolds, and depends only on the incidence graph of the arrangement. When 
the line arrangement is defined over the real numbers, we show that the homotopy type 
of the complement is determined by the incidence graph together with orderings on the 
edges emanating from each vertex. 

1 Introduction 

Let £ be a finite union of lines in the complex plane C 2 . Two line arrangements C\ and £2 
are said to be topologically equivalent if there is a homeomorphism of pairs 

(C 2 ,A)^(C 2 ,£ 2 ). 

The incidence graph Tc associated to C is the bipartite graph with line-vertices corre- 
sponding to the set of lines A in £, point- vertices corresponding to the set of points of 
intersection V on C and edges e(p, L) and e(L,p) whenever p € L. A morphism between in- 
cidence graphs is a morphism of graphs preserving the vertex labelings, so that line- vertices 
go to line-vertices and point-vertices go to point-vertices. Two line arrangements C\ and 
£2 are said to be combinatorially equivalent if there is an isomorphism of incidence matrices 

Our motivation is to understand, given a line arrangement C in the complex plane C 2 , to 
what extent the topology of the pair (C 2 ,£) is determined by the combinatorics of C. It is 
known that the cohomology of the complement Ec = C 2 \C only depends on the incidence 
graph T£ RO-T |, | G-M ], while the homotopy type and fundamental group of Ec depend on 



more information |Rybj. 



In this paper, we describe the homotopy type of the complement Ec, when C is defined 
over the real numbers, in terms of the boundary 3-manifold Mc of a regular neighborhood 
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of C in C 2 . We do this by describing Mc and Ec in terms of a graph of manifolds over the 
incidence graph Tc- 

Let r = {V, £ } be a directed graph, with vertices V and edges £ . Assume that for 
each oriented edge e € £ its opposite e is also contained in £ . Denote by i{e) the initial 
point of e and t(e) the terminal point of e. Thus, i(e) = t(e) and t(e) = i(e). A graph 
manifold {M v ,M e , (fi e } over a directed graph T is a collection of connected vertex manifolds 
My, for v G V, connected edge manifolds M e , with M e = Mg, for e 6 £ , and inclusions 
M e — > M t ( e ) which are isomorphisms onto a boundary component of M t r e \, and which 



induce endomorphisms on fundmantal groups (cf. | Wal |). A morphism of graph manifolds 
over a given graph T is a collection of continuous maps between corresponding vertex and 
edge manifolds which commute with the maps <f> e . The manifold associated to a graph 
manifold is the space obtained by gluing the M v together along their boundary components 
according to the maps (j> e . 

Theorem 1 If C is a complex line arrangement, and Mc is the boundary 3-manifold of C, 
then Mc has the structure of a graph manifold over Tc whose vertex manifolds are Seifert 
fibered 3-manifolds. Furthermore, if L\ and £2 are two line arrangements and 

a : T Cl -> T£ 2 , 

is an isomorphism of incidence graphs, then there is a compatible isomorphism 

P : M Cl - M C2 

of graph manifolds. 

Any decomposition of a 3-manifold by incompressible surfaces gives rise to a presentation 
of the manifold as a graph manifold. Let be a thickened d-component oriented Hopf 
link in S 3 , where each pair of component links having linking number 1. Then S 3 \ is 
a 3-manifold with boundary 2-tori and each boundary torus has a natural framing (/x, A). 
Theorem 1 is a consequence of the following more explicit description of Mc- The omitted 
case is treated separately in the beginning of Section 2. 

Theorem 2 Let C be any line arrangement in C 2 so that each line L E A contains at least 
one point in V . Then the boundary 3-manifold Mc has a torus decomposition into pieces 

M V = S 3 \ H d , 

where v ranges over vertices inTc- If v is a point-vertex, there is a one-to-one correspon- 
dence between the d boundary components of M v and the edges emanating from v in Tc- 
If v is a line-vertex, there is a one-to-one correspondence between d — 1 of the d boundary 
components of M v and the edges emanating from v in Tc- Given an edge e = e(p,L), the 
corresponding boundary components Tl jP C M v and T Pj l C M Vl are identified by <fi e and 
<pe according to the relation: 

[J-p,L = ^L,p 
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where (fJ-L,p, ^L,p) is the induced framing of Th,p and (^p,LjA P) l) is the induced framing of 

Theorem 2, proved in Section 2, implies that the fundamental group of Mc is torsion 
free and residually finite [perf , |Hemp| (see Corollary 2.4). 

Given two topological space X C Y, let Y/X be the space Y with X collapsed to a 
point. For real line arrangements, the homotopy type of the complement can be described 
as follows. 

Theorem 3 Let C be a real line arrangement. Then there is a continuous map 

f-.Tc^Mc 

such that f(v) € M v for all vertices v ofTc, and the complement = C 2 \£ is homotopy 
equivalent to Mc/ f(T/i). 

The map / of Theorem 3 depends on the ordered incidence graph Tc of C, the incidence 
graph r^; together with an ordering of the edges emanating from each vertex. (An ordered 
graph is similar to a fat graph, which has a cyclic ordering on the edges at each vertex 
|Pcn|| .) A morphism of ordered incidence graphs is a morphism of incidence graphs which 
preserves orderings of edges. Let £ be a line arrangement defined over the real numbers. 
We construct a model for the homotopy type of Ec, which only depends on the ordered 
graph Tjc associated to C and is simple to describe (cf. [ Falk| , |{Lib|| , [ O-Tfl , [ Ran ] and ||Sal| .) 

Theorem 4 Let C be a real line arrangement. Choose basepoints b v £ M v for each vertex 
v ofTc- For each edge e in Tc, let r e be a path on Mj( e ) U M t r e \ from b^ to b t ^ which 
intersects M e in one point. Identify Tc with its associated singular 1-complex. Then there 
is a continuous mapping 

f-.Tc^Mc 

satisfying the following conditions: 

(i) f(v) = b v for all vertices v € V; 

(ii) ifpi, ■ ■ ■ ,p s are the ordered points on L n V, e = e(L,p), and p = pj, then 

' r e if j = 1,2 

9L, P2 ■ ■ ■ 9L, Vi -Y T e ifj>2, 
where Li, . . . , L r are the ordered lines through p, and 

9Lj,p = fJ-L llP ■ ■ ■ • • • ^L^p'i 

(Hi) /(e) = /(e) -1 for all edges e; and 

(iv) Ec is homotopy equivalent to the space Mc/ f(Tc). 

Section 3 contains proofs of Theorem 3 and Theorem 4. In Section 4 we show why the 
construction fails for general complex line arrangements and algebraic plane curves. The 
author thanks P. Orlik and M. Falk for helpful discussions during the writing of this paper. 



/(e) 
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2 Boundary manifolds 



Let C be a line arrangement in the complex plane C 2 , let A be the set of lines in C and let 
V be the points of intersection on C. In this section we describe the boundary manifold of 
C in terms of the incidence graph Tc ■ 

Case of disconnected incidence graph. Consider the case when C consists of k non- 
intersecting lines. This is the only case where Tc is not a connected graph and is a finite 
union of vertices, one for each line in A. The boundary 3-manifold Mc is then a disjoint 
union of k solid tori. The complement Ec is equal to the product 

C\{k points} x C. 

Thus, Mjc/f(Tc) is homotopy equivalent to Ec for any map / :Tc — > Mc which sends each 
vl to a point on the line L. 

Throughout this paper, unless otherwise stated we will assume that V is non-empty and 
therefore Tc is connected. 

Incidence graph. The (point/line) incidence graph Tc of C is a bipartite graph with 
point-vertices 

v p , p G V 

and line-vertices 

v L , L G A. 

The edges of Tc are of the form 

e(p, L) or e(L,p), p G V, L G A, and p G L. 

The graph is a directed graph. The initial point of e = e(p, L) is defined to be 
i(e) = v p and the terminal point is defined to be t(e) = vl- Similarly, if e = e(L,p), then 
i(e) = vl and t(e) = v p . We say that e(L,p) and e(p,L) are conjugates of each other and 
write e(L,p) = e(p,L). 

We will also think of as a singular 1-complex whose zero cells map to the vertices 
and whose one cells map to the edges so that e and e are identified but with opposite 
orientations. The endpoints of each edge e are attached to i(e) and t(e) in the obvious way. 

Graph manifold. Let T = {V, £} be a directed graph such that for each edge e G £ , there 
is a conjugate edge e G £ so that i(e) = i(e) and t(e) = i(e). A graph manifold M. over T 
is a collection ({M v }, {M e }, {0 e }) where 

(i) M v is a connected manifold with boundary for all v G V; 

(ii) M e is a connected compact manifold without boundary for all e G £; 

(iii) M e = Me for all e G £ ; 
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(iv) 

<f> e : M e -» M t(e) 
is an embedding of M e onto a boundary component of M t ^ ; 

(v) the map <p e induces an endomorphism 

e * :7ri(M e )^7ri(M i(e) ) 

on fundamental groups. 

The underlying space M associated to a graph manifold .M is defined to be the space 
obtained by gluing together the vertex manifolds M v along their boundary components so 
that 4> e (M e ) is identified with (f>g(M e ) by (f> e (q) = <j>e(q) for all q G M e . Any connect sum of 
manifolds glued along incompressible boundary components can be thought of as a graph 
of manifolds. 

Graphs of groups. As with graph complexes, one can talk about the graph of groups 
associated to a graph manifold. A graph of groups Q over a directed graph T is a collection 
of groups G v , for each vertex v G V, groups G e = G-g, for each edge e G S , and group 
endomorphisms 

Ipe ■ G e — > G t ( e ) . 

The collection of fundamental groups of the vertex and edge manifolds of a graph of mani- 
folds is a graph of groups. The underlying group of a graph of groups is obtained from the 
vertex and edges groups by a combination of amalgamated products and HNN extensions. 
If Q is the graph of groups associated to a graph of manifolds A4 then the underlying group 
of Q is the fundamental group of the underlying manifold M of Ai. 

Regular neighborhood. Consider C 2 as a metric space with the usual distance function 

d((x 1 ,yi),(x 2 ,y2)) = V ( x i ~ x i) 2 + ivi ~ Vz) 2 - 

Let e > be such that d(p, L) > 2e for all pairs (p, L) G V x A such that p £ L. 

For each p G V, let N p be the ball of radius e around p in C 2 and let S p be the boundary 
of N p . Then N p is a Milnor ball around p and the pair (N p , N p f)C) is a cone over (S p , S p n£.) 
(see pfi| ). Note that L D N p ^ if and only if p G L. Let 

<5 P = min{d(Li n 5 P , L2 n 5 P )} 

where the minimum is taken over L\, L2 G A and p G Li Take 5 > such that S p > 25 
for all p G P. For each line Lsi, let 

N L = {q£C 2 : d(q,L)<5}. 

By choosing 5 smaller if necessary, we can assume that for each edge e(p,L) in Tc, Nl 
meets S p transversally. Let 

N c = (J N P U \J N L . 

pev LeA 
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We call Nc a regular neighborhood of C in C 2 . 

Boundary manifold. Consider the projective compactification P 2 of C 2 and let be 
the line at infinity, so that P 2 = C 2 U L^. Let Q be a point on not on the projective 
closure C of C. Let L be the projective closure of L for all L £ C 

For each L £ i, let be the closure of Nl in P 2 . Then fi^, is a closed tubular 
neighborhood of L in P 2 . Let be a closed tubular neighorhood of not containing 
any element of V. Let Sx, be the boundaries of Bl and i?oo, respectively. 

The boundary Mc of iV£ has a deformation retraction onto Mc \ B^. Hereafter, for 
simplicity, we will replace Mc by Mc \ B^ . 

For each p E T 7 , note that 

intersects 5 p transversally in disjoint 2-tori. Set 

M P = S P \ |J JVr. 

For each Lei, let 

M L = 5 L \ (Soo U [J JVp). 

Then Mc is a connect sum of the M p and Ml. 
By our construction we have the following. 

Lemma 2.1 The submanifolds M p and Ml in Mc intersect in a boundary component if 
and only if e(p,L) is an edge in Tc, and this intersection is a 2 -dimensional torus. 

Recall that a Hopf fibration h : 5 3 — > S 2 is an oriented circle bundle such that the fibers 
have intersection number 1. Given any d points Q in S* 2 , the preimage h~ 1 (Q) is called a 
d-component Hopf link (see Figure [l]). The pair (S 5 , h~ 1 (Q)) does not depend on which d 
points are chosen. Let Hd be a thickening of h~ 1 (Q). 




Figure 1. 3-component Hopf link. 



Lemma 2.2 For each p E V there is a natural identification of the pair (S p ,M p ) with 
(S 3 ,5 3 \ Hd), where d is the degree of v p . For each L € A, there is a natural identification 
of the pair (Sl, Ml) with the pair (S 3 , S 3 \ Hd+i), where d is the degree of vl- 
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Proof. We begin with M p . Identify S p with the 3-sphere S 3 and with S* 2 . Then 
the pencil of lines through p determines a projection p : S p — > giving a commutative 
diagram 



s 


p 




s 3 




p 






h 


L 


oo 




s 2 



where h is the standard Hopf fibration. 




Figure 2. Neighborhood of a point p € V. 



Let Li, . . . , Ld C C be the lines passing through p. Under the identification of S p with 
S 3 , M p is identified with the complement in 5 3 of 



i=i 



where each is a small disk around the point in S 2 corresponding to Lj n . We thus 
have a natural identification of the pair (S p , M p ) with (S* 3 , S" 3 \ i^^). 

Describing Ml is for the most part the dual picture to the above. Let Sl be the 
boundary of a tubular neighborhood of S-^. Let Bq be a ball neighborhood of Q in P 2 and 
let Sq be its boundary 3-sphere. Then Sl and are canonically identified as 3-spheres 
fibering over a 2-sphere. The pencil of lines through Q defines a commutative diagram 



s 3 



s 2 



where again h is the standard Hopf fibration. Under the identification of Sq with Sl, 
equals h~ 1 (D OQ ) where is a small disk neighborhood of L (1 L^. 

Let p\, . . . ,pd G V be the points in V which lie on L. Then the identification of Sl with 
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Sl 
L 



Figure 3. Neighborhood of a line L G A. 



Sq gives an identification of Mi with 

d 

S Q \ h~ 1 {D 00 U (J Di), 



i=i 



where each Di is a small disk neighborhood of pi in L. This identifies (Sl,Ml) with 
(S 3 ,S 3 \H d+1 ). 



Lemma 2.1 and Lemma 2.2 imply the following. 

Proposition 2.3 For any line arrangement C, Mc is a Haken 3-manifold with a torus de- 
composition into Seifert fibered manifolds. This torus decomposition gives Mc the structure 
of a graph manifold over Tc- 

Proof. We only need to check when the torus boundary components of S* 3 \ are in- 
compressible. This is true as long as d > 1, which holds unless £ is a union of parallel 
lines. 



Corollary 2.4 The fundamental group tti(Mc) is torsion free and residually finite. 

Proof. The fundamental group of 7ri(Mc) is a graph of groups whose vertex groups are 
7ri(S' 3 \ Hd) = Z x Fd, where Fd is a free group on d — 1 generators, and are torsion free. 
It follows that 7Ti(Mc) is also torsion free (see, for example, Section 1.3, Corollary 2 and 
Section 1.4, Proposition 5 of [Ser].) 



Since Mc is a 3-manifold with a torus decomposition along incompressible tori into 
Seifert fibered pieces, by fHemp I, Theorem 1.1, the fundamental is residually finite. 



S 



The gluing maps. 

Let T be a 2-dimensional torus. A framing (/i, A) on T is a choice of generators for its 
fundamental group n±(T). 

As stated in Proposition 2.3, the edge manifolds of Mc considered as a graph manifold 
are all 2-dimensional tori, so they are isomorphic to T. To prove Theorem 2, we need to 
describe the gluing maps 



for each edge e = e(p, L) on the graph Fc- 

By Lemma 2.2, the vertex manifolds M p and Ml are naturally identified with E& = 
S* 3 \ Hd for some integer d > 2. Furthermore, the complex structure on M p and Ml 
determines an orientation on the core loops of Hd- The oriented pair (S 3 ,Hd) determines a 
framing on the boundary components of Ed and hence on the boundary components of M p 
and Ml- 

Let T be a boundary component of Ed and let £ be its core curve in S* 3 . The framing 
(/x, A) on T is given as follows. Choose a basepoint x on T. The loop fi is a positively 
oriented meridian loop around the core curve based at x. If one considers T as an S 1 - 
bundle over £, then \x is a loop going once in the positive direction around the fiber of 
the bundle. The loop A is a loop based at x "parallel" to the core curve. That is, it is a 
positively oriented loop whose linking number with the core curve is zero. These definitions 
uniquely determine \x and A up to homotopy. 

Let p G V, L e A be such that p G L. We will write Tl :P for the boundary component 
on M p corresponding to L, and T P: l for the boundary component on Ml corresponding to 
p. Let (fJ>L,p, ^L,p) be the framing on Tl )P and (/U Pi l, \ Pi l) be the framing on T P) l- 

To describe <p e up to homotopy, it suffices to describe what it does to the framings. 

Lemma 2.5 Let e = e(L,p) be an edge ofFc- If we identify T with Tl jP by the map 



<f) e :T 



M p 



and 



M L 



4>e ■ T 
4>e(tl) 
0e(A) 



T L ,p C M p 



then 



<k{li) 




Vp,L 



gives the gluing map for the graph manifold Mc . 
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Figure 4. Intersection of Sl and S p . 



Proof. We will study how Sl and S p meet by changing coordinates so that L is given by 
the equation y = 0, the point p is the origin, p = (0, 0). Then Sl and S p are given by 



and is the common boundary of Ti and T2 . 

As before let Tl, p be the boundary component of S p corresponding to L and T Pj l be the 
boundary component of Sl corresponding to p. Since the components of the Hopf link are 
all unknots, the framing on the link boundary components is given as follows. Each link 
component has a solid torus neighborhood N in S 3 . The complement of N is also a solid 
torus iV c . The framing on the boundary of N is given by (//, A) where \i contracts in iV and 
A contracts in N c . 

Thus, Tl, p has the framing 



S L = {(x,y) GC 2 : \y\ = l}, 



and 





(l,exp(27rif» 
(exp(27rit), 1) 



and T Pj l has the framing 



A p ,l = 

This implies /j, Pi l = Xl, p and \ Pt L 



V P ,L 



(exp(27rzi), 1) 
(exp(2irit), exp(2-7ri£)). 

fJ-L,p + ^L, P , as illustrated in Figure |5[ 
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Proof of Theorem 2. 

We have shown that Mc is a graph manifold whose vertex manifolds are S 3 \H C [, where d 
is the degree of the vertex if the vertex is a point- vertex and d— 1 is the degree of the vertex 
if the vertex is a line-vertex. The identifications of the edge manifolds with the boundary 
components of the vertex manifolds can be described in terms of the natural framings on the 
boundary components of S 3 \Hd by the edge maps described in Lemma 2.5. This completes 
the proof of Theorem 2. 



3 Real line arrangements 

In this section, we concentrate on real line arrangements, and will assume that C is defined 
by equations of the form 

y = aix + bi, i = l,...,k, 

where 6, € R. We will show how to reconstruct the homotopy type of the complement 
of C in terms of the ordered graph of C. 
Ordered graphs. 

The ordered graph associated to C is the incidence graph Tc together with some extra 
structure. For real line arrangements, we will order the edges emanating from each vertex 
of the incidence graph Tc as follows. If v p is the point-vertex associated to the point p G V, 
then we order the edges e(p, L\), . . . , e(p, L r ) emanating from p by the slopes of L±, . . . ,L r 
in decreasing order. If vl is the line- vertex associated to the line L G A, we order the edges 
e(L,pi), . . . , e(L,p s ) emanating from vl by the x-coordinates of p±, . . . ,p s in decreasing 
order. Since we assume that none of the lines are parallel to the y-axis, this is well-defined. 
The incidence graph Tc of C endowed with these orderings on the edges emanating from 
vertices is called the ordered graph associated to C. For example, Figure || gives the ordered 
graph of the Ceva arrangement. 
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Figure 6. Ordered graph associated to the Ceva arrangement. 



The global ordering of the points in V by their x-coordinate and the lines in A by their 
slope determines the ordered graph. The orderings near vl 1 and v P5 are given are given in 
Figure [6|. 

The skeleton of a line arrangement. 

Let Mc be the boundary manifold of £ and let 

be the natural projection map, well-defined up to homotopy. Let ££ be the real part of C 
with all infinite ends removed. We will call T,£ the skeleton of C Figure |7| gives the skeleton 
of the Ceva arrangement. 



Figure 7. Skeleton associated to the Ceva arrangement. 

We start by describing the homotopy type of En in terms of Mc and S^. 
Lemma 3.1 There is an embedding 

so that 
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(i) a o g is the identity map; 

(ii) the image of g contracts in Ec; and 
(Hi) E c = M c /g(Zc)- 

Proof. The embedding g is given as follows. If (x, y) £ N p , for some p = (x p , y p ) £ V, then 



g(x, y) = {x,y + i max{y / 'e 2 - (y - y p ) 2 , 5}), 

otherwise 

g{x,y) = (x,y + i5). 

The image gij^c) contracts in Ec, since in Ec it is isotopic to T,c + (0, ie) C IR 2 + (0,ie). 
No point (x, y + ie) £ M 2 + (0, ie) satisfies an equation of the form 

y = ax + b 

where a and b are real numbers. Thus, M 2 + (0, ie) is contained in Ec- Since R 2 + (0, ie) is 
contractable, we see that g{^c) is a l so contractable. 

Now let us consider the projection of p : C 2 — > C onto the first coordinate. Let pc be the 
restriction of p to Ec- Then pc is a topological fibration over the complement of Q = p(V). 

D qi S qi 

real axis 

'/:.' , ! \.xtT 

Figure 8. Contraction of the x-coordinate plane to Vq. 




For each q £ Q let 

D q = {x € C : \x- q\ < 1} 

and let 5 g be the boundary of D q . Assume (by expanding coordinates if necessary) that 
the S q do not intersect one another. Let Wq be the union of the S q and real line segments 
joining the S q , and let Vq be the union of Wq and the Dq as in Figure ^. 

The deformation retraction of C onto Vq extends to a deformation retraction of Ec onto 
P~c\V Q ). 

The fibers of pc over Vq split up into 3 types: those over the line segments in Wq; those 
over S q ; and those over the q. These retract to the outlined and shaded regions shown in 
Figure |9| which we will write as F x , for x £ /, F s , for s £ S and F q , respectively. 

We reconstruct the homotopy type of Ec from this picture as follows. First notice that 
the space p~ l \m c (D q ) has a deformation retraction to 

F Dq =D q xF q U |J F s . 

s£S q 
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Under this retraction g{E>c) maps to the right most points of the circles in F s , F x and F q 
union the line segments depicted on F S1 and F S2 . The union of the right-most points of the 
circles on F s as s ranges in S q bounds a 2-disk 

{p+(0,iy) : \y\<e} = D q x{p+(0,ie)} 

in the deformation of p~ 1 \c(D q ). Thus, if we include all right-most points of circles in the 
fibers over F X ,F S , and F q , union the line segments on F S1 and F S2 , we obtain a set G which 
retracts onto <?(£c) in Ec- 



Proof of Theorem 4. 

The existence of a map / : Tc — * Mc with property (Hi) of Theorem 4 follows from 
Lemma 3.1, since Tc can be continuously deformed to ££. One can see this by noting that 
the figures in Figure [l(] are homotopy equivalent. 

We will explicitly describe the homotopy type of a map / : Tc — * Mc satisfying the 
conditions of Theorem 4 in terms of the ordered graph. 

We begin by defining a map a : Tc — > "Ec- For the point-vertices, we simply send v p to 
the point p on £/;. For the line vertices, there is no canonical choice. 

Let L G A. If degree(vi) = 1, then let a(vi) = p where p = V n L. Otherwise, let 
pi,P2, ■ ■ ■ ,p r be the points in V n L. Choose a point on the line segment on strictly 
between p\ and p2 and map vl to this point. 
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For the edges of Tjc, once we have determined where the vertices go, the edges map to 
the unique straight line segment on T,c connecting the endpoints. This defines a continuous 
map a : Tc — > ££• The composition / = go a gives a map satisfying properties (i),(hi) and 
(iv) of Theorem 4. 

For each vertex v on T, let z v = f(v). (We will write z p = z Vp and zl = z v L -) To 
describe the homotopy type of the map /, it suffices to describe the homotopy type of /(e) 
for each edge e in V. The path a(e) breaks up into segments each passing over one point 
p G V. Let Il iP be a straight line segment on n L such that Il >p fl V = p. We will 
describe the homotopy type of g(lL iP ). 



real axis 




Figure 11. Path jl lifting to Lq. 



First fix L. Consider the path on the complex plane shown in Figure 11. Here 
Q = {lii ■ ■ ■ j Qs} = p(V H L). The projection map p is one-to-one when restricted to L. 
Since /j^ 1 (7l) H L is contained in Lq, 6l = P _1 (7l) H L defines a contractable subset of Lq. 
Let h : 7l — > be defined by 

/i(«,y) = pIZ 1 ^'^) + (°>^)> 

for each (x,y) G 7^. Then h{^£) defines a contractible subset of Ml- We can assume that 
the image contains the basepoint z^. 




Figure 12. Generators for M } 
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Now fix p E L n V . Let q = p(p) and let J p be the arc segment of 7^ near q. For 
each fiber F s over points s € J p , h(J p ) n F is the rightmost point in the circle (see Figure 
13) on F corresponding to L n F. As noted in the proof of Lemma 3.1, the path g(L p ) is 
isotopic to the path whose intersection with each fiber F s over an interior point s of J p is 
the right-most point of the large circle and whose intersection with the fibers F Sl and F S2 
is a path from the right-most point of the large circle to the right-most point of the inner 
circle associated to L (see Figure fig:fibers). The large disk in the fiber F s over s E J p 
rotates in the counter-clockwise direction by 180 degrees as s moves from right to left on 
J p , as illustrated in Figure [l3|. 






o- 
o- 



o. 




ci- 




Figure 13. Homotopy type of f(e(p,L)). 



Note that the basepoint z p for M p is the right-most point on the large circle on F S1 and 
that bi n F s is the right-most point on the inner circle corresponding to L for all s E J p . 
Let tl )P be the straight line segment from b^ n F S1 to z p (see Figure |i"3[ ) 



Let fJ,Li,p,-- - ,HL r ,p be the generators for tti(M p ) as in Figure 12. Then g{I p )h{J p ) 



is homotopy equivalent to the path abc on F Sl pictured in Figure 14. In this example 
Li,L2,L% are the lines passing through p in the order of their slopes and L = L2, then 
h(J p ) is homotopy equivalent to g{I p )h(J p y l = abc = T L . v [i'^ v p, L ^ p [x L . MP T^ p . 
In the general case, we have the following lemma. 

Lemma 3.2 Let p E V and let I p be a line segment on ££ n L such that I p n V = {p} 
and p lies in the interior of I p . Let Li,...,L r be an ordering by slope of the lines in A 
passing through p. Let j be such that Lj = L. Then the homotopy class of the difference 
g(L p )h{J p )~ l on Mjr is given by the element 

gL,p = T L,p^ll^ll_ 1)P ■ ■ ■ HLjvULj+ijp ■ ■ ■ ^L r , P r^ p - 
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Ml 2 



Figure 14. Homotopy type of g(I p )h(J p ) 



-i 




in terms of the ordered graph Tc- 

Fix p G V and let e(p, L±), . . . , e(p, L r ) be the ordered edges emanating from v p . For 
each line L £ A, let e(L,pi), . . . , e(L,p s ) be the ordered edges emanating from vl- 

For any edge e(L,p) in Tc, replace tl, p by the path from zl G Ml to z p G M p which 
goes along /i(7l) and the original tl, p - This does not change the homotopy type of tl, p - 
Note that the choices of tl, p , z p , zl a continuous map 



where £{v) = z v , for vertices v and £(e(L,p)) = tl, p for edges e(L,p). We will call this map 
I the lifting of T£ in M£ defined by the collection tl, p - Let ql, p G 7Ti(M p , z p ) be defined as 
in Lemma 3.2, except that its basepoint is at zl- We have shown the following. 

Lemma 3.3 Let 



be the continuous map on Tc considered as a 1- complex defined by the following data: 

(i) for the point-vertex v p , f{v p ) = z p ; 

(ii) for the line-vertex vl, f(v£) = z Lj an d 

(in) for the edge e(L,p), if e(L,p\ ),..., e(L,p s ) are the ordered edges emanating from vl, 
and p = Pj, then 



and f(e(p,L)) = f(e(L,p)) 1 . Then Ec is homotopy equivalent to Mc/ f(T c)- 

For each pair (po, Lq) G V x A with po £ Lq, the element gL ,p depends on the ordering 
of the edges e(po, L) emanating from v po and f(e(Lo,po)) depends on the ordering the edges 
e(Lo,p) emanating from vl - This completes the proof of Theorem 4. 



t : Tc - Mc 



f:Tc^Mc 




i/j = 1,2; 
ifj >2 
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Fundamental group. 

Choose a vertex v of Tc- We present the fundamental group Gc = ni(Mc, f(v)) in the 
notation of [jSerjj (p. 41). For each edge e = e(L,p) in Tc, let r e = tl p and let = t~ . 
The corresponding lifting of Tc into Mc determines a presentation of 7Ti(Mc) as follows. 

Any element of Gc can be written as a word 

7l r ei • • -IkTeklk+l (1) 

satisfying 

(i) i(ej) = i(e i+ i), for i = 1, . . . , k; 

(ii) t(e k ) = i(e\) = v; 

(iii) each j$ is an element of ni{M t r ei \). 

The relations on Gc are generated by elements of the form 

where 7 = <j) e {K) and 7' = 0e(^) f° r some k G G e . A word of the form (1) is said to 
have length k. The length thus depends on the word and not its equivalence class in Gc- 
A word of the form (1) is reduced if whenever ej = el+I, for some i = 1, . . . , k — 1, then 
7m £ <M^i(M e J). 

The following theorem is useful for determining properties of groups which are graphs 
of groups. 

Proposition 3.4 ( XSei\J , Theorem 11.) A reduced word of the form (1) is trivial if and only 
if it has length 1 and 71 = 1 . 

For example, we have the following result. 

Corollary 3.5 The map f : Tc — > Mc induces an endomorphism on fundamental groups. 



Proof. Let Gc be the image of 

U:*i<Fc,v)^iri{M c J(v)). 

Then Gc consists of elements of the form 

/(ei).../(e fe ) = /*( ei ...e fc ) (2) 

where e\ . . . e& is a closed loop on Tc and i{e\) = t{ek) = v. Suppose an element of the form 
(2) is trivial in Gc and k > 1. We will show that we can write the same element in the 
form (2) with smaller k. By Theorem 5, k > 2 and there is at least one i so that ej = e^+i. 
In this case ejej+i = 1, so the element can be represented with smaller k. 
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We will now present the fundamental groups of Mc and of Ec purely from the ordered 
graph T £ . 

Take any ordered bipartite graph T with "line" and "point" vertices, such that each 
directed edge e(p,L) (or e(L,p)) joins a point-vertex v p to a line-vertex vl (or vice versa.) 
Choose a vertex vq on T. For v, a vertex on T, let e„,i, . . . , e v> d be the ordering of edges 
emanating from v. Set 

G v = ( X v , • • • j ^d,v '• X v flj :V = [Aj,vXvi j = 1) • • • j d ). 

(Note that in the previous notation Xj >v = \ v fJ,j, v , for each j = 1, . . . , degree(u).) Let 7r be 
the collection of closed loops on T based at vq. Then, for any r € It, t = e\ . . . e r , where 
t(ej) = i(ej + i), for j = 1, . . . , r — 1 and i(e±) = t(e r ) = vo. 
The following is a corollary of Theorem 2. 

Corollary 3.6 Let C be a complex line arrangement. Then n±(Mc) can be presented as 
follows: each element of iti(Mc) can be written as 

7oei7ie2 • • • e s j s , 

where e± . . . e s G 7r £ and 7j G G t ^ e y for j = 1, . . . , s, and the relations are generated by 

ae(p,L)n ktVL e{L,p)/3 = a\ Vp n~l p /3, 
ae(p,L)\ VL n^ VL e(L,p)/3 = a\ Vp /3, 

if e(p, L) is the jth edge emanating from v p , and e(L,p) is the kth edge emanating from vl- 

Note that the indexing of the edges at each vertex does not effect the isomorphism class 
of the group presented. 

By Theorem 4, ni(Ec) is a quotient of tti(Mc) and we have the following presentation 
Of 7Tl (Ec). 

Corollary 3.7 Let £ be a real line arrangement. Then the fundamental group of the com- 
plement tti(Ec) is tti(Mc) with the additional relations 

/(ei).../(e a ) = l 

where f is as in Theorem 4 and e\ . . . e s € Tp. 

4 Complex line arrangements 

Let C be an arbitrary complex line arrangement consisting of lines A and points of inter- 
section V . The proofs of Theorem 3 and Theorem 4 given in Section 3 rely on the existence 
of a continuous map 

g : S £ -> M c 
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from the skeleton T,c of C to the boundary 3-manifold Mc whose image contracts in E^. 

We will show that Theorem 3 and Theorem 4 cannot be applied to arbitrary complex line 
arrangements. To do this we extend the definition of skeleton for complex line arrangements, 
and show that the map g and hence the map 

/ : T c -> M c 

with the required properties does not exist in general. 
Knotted 1-complexes. 

Let E C R 3 be a compact 1-complex. We will call E a graph knot. Let N% be a thickening 
of E in R 3 and let M^ be its boundary. Then is a handlebody and M^ is an oriented 
surface. Let a' : N% — > S be the contraction map and let a : Ms — > E be the restriction of 
a' to Ms- We say E is unknotted if there is an embedding 

5 : E -» M E 

such that q o g is the identity on E, and the image of g contracts in R 3 . We say that E is 
knotted otherwise. 

Dehn's Lemma ( jRoU ], p. 101) implies the following. 



Lemma 4.1 A graph knot E C R 3 is knotted if there is an embedding 



US 1 -> E 



whose image is a nontrivial knot or link in 



■„■■'> 



Skeleta for complex arrangements. 

Let C be an arbitrary complex line arrangement and let 

p : C 2 -> C 

be projection onto the x-coordinate. Assume that p\i is one-to-one for all lines L € A. Let 

Q = p{v). 

Given an ordering of the points q\ . . . ,q s G Q, let I = I± U . . . U J s _i be a union of 
embedded line segments in C such that each I{ has endpoints qi and qi-i and no pair ij 
and ij intersect except possibly at their endpoints. We will call T,c(I) = /0 _1 (/) D C the 
skeleton of £ associated to /. (The 1-complex E,c(I) considered as a subset of R 2 x I is 
also known as a braided wiring diagram and has been used to describe the fundamental 
group and homotopy type of the complement of arbitrary complex line arrangements and 



algebraic plane curves [ Arv |, [ C-S ] 



The skeleton E^ defined for real line arrangements comes from ordering the in the 
order in which they lie on the real line R and taking / to be the line segment on R connecting 
the smallest to the largest. We will call this E£ the standard skeleton for the real line 
arrangement C. 

As with real line arrangements, we have the following. 
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Lemma 4.2 For any complex line arrangement C and any ordering of Q, the 1-complex 
^c(I) is homotopy equivalent to the graph Tjr,. 

We can think of £c(-T) as a subset of M 3 = M 2 x K by embedding /gl. This makes 
T,c(I) a graph knot. When £ is a real line arrangement and ££ is the standard skeleton 
Y>/r is unknotted. Conversely, if C is a complex line arrangement such that for all orderings 
the associated skeleton £/;(/) is knotted, then C is not topologically equivalent to a real 
line arrangement. 

Lemma 3.1 then generalizes as follows. 

Theorem 5 Let C be a complex line arrangement and let a : Mc — ► C be the natural 
projection map of the boundary manifold Mc onto C. Then for some choice of I, £/;(/) is 
unknotted if and only if there is an embedding 

g : E C (I) -> M c , 

such that 

(i) a o g is the identity map; and 

(ii) the complement En is homotopy equivalent to 

M c /g(X c (I)). 

Proof. The proof is the same as for Lemma 3.1. 

■ 

It follows that if is knotted for all choices of I, then Theorem 4 cannot be extended 

to C. For general algebraic plane curves, one can also describe the boundary 3-manifold Mc 
as a graph of manifolds over a suitably defined incidence graph Tc, but Theorem 5 provides 
an obstruction for mimicing Theorem 4 in this setting. 
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